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AHHOTail,HH 

PaccMaTpHBaeTCH onepaTop TpeTbero nop5i;],Ka c nepHOflHHecKHMH K034)4)HLi;HeHTaMH 
Ha BeinecTBeHHOH och. 3tot onepaTop CBHsan c saflaneii HHTerpiipoBaHHS HejiHHeHHoro 

BBOJIKmilOHHOrO ypaBHBHHH ByCCHHeCKa. ripH MHHHMajIBHblX yCJIOBHHX Ha FJiaflKOCTB 

K034)4)HU,HeHTOB /i,OKa3biBaioTCH cjieflyion;He peayjibTaTbi: 1) onepaTop caMoconpajKen 
H pacKjia;];biBaeTca b npaMolt HHTerpaji, 2) chbktp onepaTopa a6cojHOTHO HenpepbiBBH, 

SanOJIHHeT BCRD OCb H HMBBT KpaTHOCTb OflHH HJIH TpH, 3) HOCTpoena H HCCJIBflOBa- 

Ha 4)yHKu;Ha JlanyHOBa, anajiHTHHecKaa na TpexjincTHoft pHManoBOH noBepxHOCTH, 4) 

CneKTp KpaTHOCTH TpH OrpaHHHeH H BbipaJKBH B TepMHHaX HeKOTOpofi U;ejIOH 4)yHKH,HH 
(flHCKpHMHHaHTa) . 



1 BBe^GHHe H ocHOBHbie pesyjibTaxbi 

PaccMoxpHM flHcJ)4)epeHii;HajibHbiH onepaxop xpexbero nopa^Ka 

H = id^ + ipd + idp + q (1.1) 

fleHcxByiomHH B L^(M), r^e Bein;ecxBeHHbie l-nepHo^HHecKne K03(l)(l)Hn;HeHXbi p,q npHna^- 
jieJKax npocxpancxBy L^(T),T = M/Z, c nopMofl ||/||li(T) = Jq \ fis)\ds. B npe^jioacennH 
ll.ll Mbi flpKayKeM, HTO onepaxop H aBjiaexca caMoconpaacennbiM na o6jiacxH onpe;],ejienHH 

= {/ e L'iR) : ^(f"+pfy + ^pf' + qf e ^^(R), /",(/" + p/)' G LL(K)}. (1.2) 
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OnepaTop H npHMenaeTCH b Mexo^e oGpaxHOH sa^anH HHxerpHpoBaHHH HejiHHeiiHoro 
3BOjiion;HOHHoro ypaBHeHHH ByccHHecKa na OKpyjKHOcxH ("bad Boussinesq" cm. |McK| ): 



P = d'(^^p' + ^d'py p = dq. (1.3) 

HMeHHo, ypaBHCHHe ByccHHecKa (II. 3p paBHocHjibHo HejiHHefiHOMy ypaBHeHHio JIaKca H = 
HK — KH, r^e K = —d^ + |p. S^ect f m df oGosHanaex npoHSBOflnyio (|)yHKn;HH / no 
BpeMCHHOH H, cooxBexcxBeHHo, npocxpancxBeHHOH nepeMeHHOH. 

HsBecxHO, Hxo ecjiH p,q & C°°{T), xo caMoconpajKeHHbm onepaxop H Moacex Gbixb onpe- 
^ejien KaK saMBiKaHne cooxBexcxByiomero MHHHMajibHoro onepaxopa. Bojiee xoro, cneKxp 
(j{H) onepaxopa H aGcojnoxno nenpeptiBen (cm., nanp., |DS] . rji. XIII) n sanojinaex bcio ocb 
(cM. |McG] ). Hama n;ejiL. - onpeflejinxb caMoconpajKennbin onepaxop H ^jia Gojiee mnpoKoro 
Kjiacca K03(|)(|)Hu;HenxoB p,q & (T) n onncaxb cneKxp b xepMnnax xax nasBiBaeMon 4)ynK- 
u;hh JlanynoBa. TaKoe onncanne y^oGno ^jih anajinsa cneKxpa (cm., nanp., |BK2] . |CK1] . 

m, IK2J). 

OrpoMnoe nncjio cxaxeii nocBsni;eHO npsiMtiM n oGpaxnbiM cneKxpajitHbiM sa^anaM ^jia 
onepaxopa lUpeflnnrepa c nepno^nnecKHM noxeHu;HajioM: /I,y6poBHn [D], Fapnexx - Tpy- 
GoBHn; |GT] . Hxc - MaxBeeB |IM] . KapraeB - KopoxaeB |KK| . Mapnenxo - OcxpoBCKnii 
|M0] H x.fl. SaMexHM, nxo KopoxaeB [K3] pacnpocxpannji pesyjibxaxbi [MQ] , [GT].[KK] jijiii 
cjiynaa —y" + qy na cjiynafi nepHo^nnecKHX pacnpe;i,ejieHHH, x.e. —y" + q'y na L^(R), Tf\e 
nepno^nnecKHH q G Lf^^i^). 

KpaxKo onnmeM peayjibxaxbi BeKxopnbix ;i,H(|)(|)epenn,HajibHt.ix ypaBnennn. 06pax- 
nas aaflana (BKjnonaa xapaKxepH3au;Hio) ^jih Bexxopnosnannoro onepaxopa lUxypMa - Jln- 
yBHjijiH na KonennoM nnxepBajie c ycjioBHSMH ^npnxjie Gbijia pemena ne^aBno b pa6oxax 
KopoxacBa n HejiKaxa [CK2J , [CK3] . nepno^nnecKHn cjiynan cjioacnee n Mnorne pa6oxt.i no- 



CBamenti xojibko npsiMon cneKxpajitnoii aa^ane fljia nepnoflnnecKnx cncxeM: Kapjicon |Ca] . 
rejit.(|)an^ - JIh^ckhh |GL| . Fecxesn n coaBxopti |CL] . KopoxacB n HejiKax |CK1] . Kpeiin 
|Kr| H x.fl. OnnmeM Ba>Knt.ie ^jia nac b ^ajibnenmeM pesyjibxaxti na |BBK| . |CK1] . |K1] . 
|K2) ^jia onepaxopoB nepBoro n Bxoporo nopH;],Ka c nepno;];nnecKnMn MaxpnnnosnannbiMn 
noxenn;najiaMn : 

1) nocxpoena n naynena 4)ynKn,n3 JIanynoBa, anajinxnnecKaa na pnManoBon noBepxno- 
cxn, 

2) nocxpoeno Kon4)opMHoe oxoGpaacenne c Ben^ecxBennoii nacxbio, aa^annoit nnxerpn- 
poBannoii njioxnocxbio cocxoannn, n MnnMon nacxbio, aa^annoii noKaaaxejiCM JlanynoBa, n 
naynenti ero ocnoBnbie CBoncxBa, 

3) nojiynenbi (|)opMyjit.i cjie^oB (anajiornnntie CKajiapnoMy cjiynaio), 

4) nojiynenti on;enKn ^jinn jiaxyn b xepMnnax noxenn,najia, 

5) nojiynent.1 acnMnxoxnxn coGcxBennbix ananennii nepnoflnnecKon n anxnnepno^nne- 
CKOH aa^an n xonex BexBjienna (|)ynKn;nn JlanynoBa, 

6) noKaaano, nxo Kpaa jiaxyn b cneKxpe onepaxopa SBjiaioxca nepno;];nnecKnMn njin 
anxnnepno;],nnecKnMn co6cxBennt>iMn ananennaMn njin xonxaMn BexBjienna (|)ynKn,nn Jla- 
nynoBa. 
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CneKTpajibHMH anajiHs onepaxopoB BbicoKoro (^3) nopa^Ka c nepHo^HHecKHMH koscI)- 
(|)Hn;HeHTaMH chjibho ycjioacHaexca xeM oGcTOHxejibCTBOM, hto MaTpHn;a moho^pomhh co^ep- 
JKHT KaK sjieMeHTM, KOTopbie orpaHHHeHt.1 npn 6ojibmHX BemecTBeHHbix snaHeHHax cneK- 
TpajiBHoro napaMexpa, xax h pacTymne sjieMeHTbi. HanoMHHM xaKace, hto (|)yHKij,H3 Jlany- 
HOBa onepaTopa BToporo nopsiflKa aBjiaexca n;ejioH, a ;];ji5i onepaxopa 2p-ro nopa^^xa - 
p-jiHCTHoii, CM. |BK3] . KoH(|)opMHoe oTo6pa>KeHHe, BajKHoe b cnexTpajiBHOM anajiHse one- 
paxopoB c nepHo;];HHecKHMH K03(|)(|)Hn;HeHTaMH, jiJis onepaxopoB BbicoKoro nopsj^KSi flp chx 
nop He nocxpoeHo. Onepaxopbi nexHoro 4) nopH;i,Ka c nepno^HHecKHMH K09(|)(|)Hn;HeHxa- 
MH paccMaxpHBajiHct. B pa6oxax: Ba/i;aHHH - KopoxaeB |BK1] . |BK2] . |BK3] . IlanaHHKOJiay 
|P1] . |P2] . TxaHeHKo |Tk] . cm. xaxace ccbijikh b sxhx pa6oxax. 

CneKxpajiBHbie cBoiicxBa nepno^HHecKoro ypaBHCHHa Bfljiepa-BepnyjijiH {ay")" = Xby 
HsynajiHct. IlanaHHKOjiay b |Plj . |P2j . HoKasaHO, hto cncKxp jieacnx na nojiojKHxejiBHoii no- 
jiyocH H HBjiHexca o6x.eflHHeHHeM HenepeKpbiBaiomHxca 3oh Kpaxnocxn 2, aHajiornnHo cjiy- 
Haio onepaxopa Xnjijia. Hanajio cneKxpa aBjiaexca o^noBpcMcnno npocxbiM nepno^nnecKHM 
co6cxBeHHi>iM snanenncM n xohkoh BexBjieHHS (|)ynKn,HH JlanynoBa. Bee ^pyrne BexBjienna 
jiejKax na oxpHn;axejibnoH nojiyocn. 

B pa6oxe |BK3) nojiynent.1 cjie^^yiomne peayjibxaxbi o6 onepaxope 2p-ro {p ^ 2) nopa^i;- 
Ka c nepno^^nnecKHMH K034)4)Hn,HenxaMH (cjiynaii p = 2 cm. b [BKlJ . [BK2 J): nocxpoena n 
Hsynena (|)ynKn;H5i JIanynoBa, anajinxnnecKaH na p-jincxnon pnManoBon noBepxnocxn, no- 
jiynent.1 acHMnxoxnKH co6cxBennt.ix snanennn nepno^nnecKon n anxnnepHo^nnecKOH sa^an 
n xoncK BexBjienHH (|)ynKn;Hn JIanynoBa. Kpaa jiaxyn b cncKxpe xaKoro onepaxopa sbjis- 
loxca nepno^nnecKHMH hjth anxnnepno^nnecKHMH co6cxBennB.iMH snanennaMH njin xonxaMH 
BexBjienHH (|)ynKn;HH JlanynoBa, a Kpaxnocxt cncKxpa mojkcx 6t.ixb paBna jiio6oMy nexnoMy 
nncjiy ox 2 ^o 2p. Hpn Gojitmnx aneprnax Kpaa jiaxyn sbjihioxch nepno^nnecKHMH hjih 
anxHnepHOflHHecKHMH coGcxBcnnbiMn snaHeHHSMH n cnexxp hmccx Kpaxnocxb 2. 

Fopaa^^o Menee nsynen onepaxop nenexnoro nopa^^Ka c nerjia;];KHMH nepnoflHHecKHMH ko- 
34)4)Hn;HenxaMH. B cyninocxn, o cncKxpe xaKoro onepaxopa flp nacxoan^ero BpeMenn nnnero 
ne HSBecxno. 

HpaMaa n oGpaxnaa sa^ana paccennna fl^jis onepaxopa xpexbero nopa^Ka c y6t.iBaion];H- 
MH K03(|)(|)Hn;HeHxaMH paccMoxpena b pa6oxe /],eH(|)xa-ToMeH-Tpy6oBHn;a |DTT) (xaM jkc cm. 
ccbijikh), r^e, b nacxnocxn, ^ocxaxonno xopomo pasBHxa cneKxpajibnaH xeopna. ^ajibnen- 
mne nccjie^oBanna b sxom nanpaBjiennn nsjio^Kenti b Knnre Bnjiaa-^encJixa-ToMeH |BDT] 
H B pa6oxe CyxanoBa [Su]. Oxmcxhm xaxace pa6oxL.i AMypa |A1] . |A2) . r^e paccMaxpnBajicH 
onepaxop xpexbero nopa^xa na KonennoM nnxepBajie c KpacBbiMH ycjiOBHHMH, npe^cxaBjia- 
lomHMn H3 ceGa KOM6Hnan;Hio KBaannepHOflnnecKHx ycjioBnii n ycjioBnii /^npnxjie. HecaMo- 
conpsiJKeHHbiH onepaxop xpexbero nopa^Ka c rjia^KHMn nepnoflHHecKHMH K03(|)(|)Hn,HeHxaMH 
paccMaxpHBajicH b paGoxe MaKKnna |McK] b cbhsh c sa^^anen nnxerpHpoBannH xax nasbi- 
BacMoro ypaBnenna "good Boussinesq" na oxpyacnocxn. 

B ^annoH paGoxe mm nannnacM cncxeMaxnnecKoe Hccjie;i,OBanHe cncKxpa caMoconpa- 
jKennoro onepaxopa H c nepno^nnecKHMn K03(|)cJ)Hu,HeHxaMH ns Kjiacca L^(T). HsynacMbin 
naMH onepaxop cBJiaan c aa^anen nnxerpHpoBanns ypaBnenna "bad Boussinesq" (11. 3p . cm. 
|McK] . Cjie^ya cxeMe [K2] . mm bbo^hm c|)ynKn;Hio JlanynoBa A (A), anajinxnnecKyio na xpex- 
jincxnoii pnManoBon noBepxnocxn n y^oBjiexBopaioni;yio o6binnoMy paBencxBy A = cos k{X), 
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r^e k - KBa3HHMnyjiL.c. TpexjiHCTHOCTb 4)yHKii;HH JlanynoBa cymecTBeHHO ycjiojKHHeT cnex- 
TpajifcHMH anajiHS onepaxopa H. J\ajiee, Hcnojibaya pasjiojKeHHe onepaxopa H b npjiMoii 
HHxerpaji onepaxopoB, fleficxByromnx na KoneHHOM HHxepBajie, mbi ^OKaatiBaeM, hto cneKxp 
onepaxopa H aGcojiioxHO Henpept.iBHL.iH, n onncbiBaeM ero b xepMnnax (|)yHKn;HH JlanynoBa. 
Hpn 9XOM ML.I HOKasbiBaeM, nxo SHaneHHS (|)yHKu;HH JlsnynoBa na Ben^ecxBennofi ocn onpe- 
^ejiaiox cneKxp xaKHM jkc oGpaaoM, KaK n b cjiynae onepaxopa Xnjijia. Kpaa cneKxpajit>Ht>ix 
nnxepBajiOB co cneKxpoM xpaxnocxn 3 hbjihioxcji xonxaMH BexBjienna (|)ynKn,HH JIanynoBa. 
no;i,nepKneM, nxo ^Jia onepaxopoB xpexbero nopa^Ka (b oxjinnne ox onepaxopoB nexnoro 
nopa^Ka) nepno^nnecKne h anxKnepHOflnnecKHe coGcxBeHHbie anaHenHa HHKaK ne cBaaanbi 
c KpaxnocxBK) cneKxpa. 

riojiyHeKHbie s^ect peayjibxaxbi mbi HcnojitayeM b pa6oxax |BK4] , |BK5] . B paGoxe jBK4] 
HsynaexcH cjiynaii Majitix p, g — )■ 0. Mbi ^OKasbiBaeM, nxo b sxom cjiynae Becb cneKxp onepa- 
xopa H HMeex KpaxHocxB 1, aa bosmo^khbim ncKjnonenneM o^noro MajientKoro nnxepBajia co 
cneKxpoM KpaxnocxH 3 b oxpecxnocxn nyjia. HojiyHeHbi SBntie ycjioBna na p, q, npn Koxoptix 
xaKoro nnxepBajia nex n ycjiOBHH, npn Koxopbix on ecxb, npn 3xom nan^ena ero acHMnxoxn- 
Ka. B paGoxe |BK5] mbi Rccjiepyeu pnManoBy noBepxnocxB cJ)ynKn,HH JIanynoBa, naxo^HM 
acHMnxoxHKH ee xoneK BexBjienna n acHMnxoxHKH co6cxBennt.ix snanennn nepno^^nnecKofi 
H anxHnepno^^nnecKon saj^an fl^jis ypaBnenna iy'" + ipy' + i{pyy + qy = Xy npn bbicokhx 
sneprHHX. HoKasano, nxo b cjiynae "o6n];Hx"K03(|)(|)Hn;HenxoB p,q pHManoBa noBepxnocxB 
(|)ynKn;HH JlanynoBa HMeex GecKonennbiH po^. 

/I,ji5i pasjiojKenHH onepaxopa H b npHMoii nnxerpaji BBe^eM rnjiBGepxoBbi npocxpancxBa 

Ji^' = L\[0,l],dt), J^= ^' — (1.4) 

i[0,27r) 27r 

H onepaxopt.1 

H{k) = id^ + idp + ipd + q, A;G[0,27r), 
fleHCXByiomne b = L^(0, 1) n caMoconpajKenntie na oGjiacxn onpe^^ejienna 

mik)) = {fE L^(0, 1) : z{f" + pf)' + ipf + qfe L'iO, 1), (/" + pf)' E L\0, 1), 

/,(1) = e^'fjiO) fljiH Bcex J = 1, 2, 3, r^e A = /, = f , h = f" + pf], (1.5) 
CM. jicMMyUT] Bbc^cm ynnxapHBiH onepaxop U : L^(]R) — > paBencxBOM 

(UfUt) = J2 + n), (k, t) e [0, 27r) x [0, 1]. (1.6) 

HpHBe^eM npe;];BapHxejibnL.iH pesyjibxax o pasjioacennn onepaxopa H b npaMon nnxerpaji. 

npe/],Jio:»<;eHHe 1.1. Onepamop H, onpedeAeuHuu e U.l\} . M.2\) . fieAfiemcfi caMoconpn- 
CHceHHUM u ydoBAemeopsiem paeencmey 

UHU^' = / H{k)^. (1.7) 



4 



SaMenaHHH. 1) AHajiorHHHbiH peayjibxaT ^jih onepaxopa BToporo nopa^Ka xopomo H3Be- 
cxeH, CM. |Ge] . |RS] . JXns onepaxopa npoHSBOjitHoro nexnoro nopa^Ka c rjia^KHMH ko3(|)- 
(|)Hn;HeHxaMH cooxBexcxByiomHe peayjibxaxti cm. b cxaxte TKaneHKo [TkJ . 

2) B HameM cjiynae onepaxop hmccx K03(|)(|)Hn;HeHxt>i h3 L^{0, 1) h no3xoMy ero oGjiacxb 
onpeflejieHHH Gojiee cjiojKHaa, hcm y onepaxopa c rjia;];KHMH K034)(|)Hn;HenxaMH. KpoMe xo- 
ro, onepaxop hmccx nenexnbin nopa^^OK n nenojiyorpaHHHen cnnsy. 3xox cjiynan xpe6yex 
ox;],ejibHoro anajinsa. 

B cjiynae Kor;];a K03(|)(|)Hn,HeHXL.i p,p', q G L^(T), Moacno onpe;];ejiHXb cxan;],apxnyio Max- 

pHIi;y MOHOflpOMHH ^ 

r^e ipj - pemenna ypaBHenns 

ty"' + ipy' + i{py)' + qy = Xy, (t, A) G M x C, (1.8) 

y;];oBjiexBop5iioiu;He nanajibntiM ycjioBHHM ^^'^"^■'(0, A) = 6jk,j,k = 1,2,3 (cm., nanp., |DS] . 
rji. XIII. 7). EcjiH K03(|)(|)Hn;Henx p G L^{T) n p' ^ L^(T), xo cxan^^apxnaji MaxpHu;a mo- 
no^poMHH yjKe ne onpe^ejiena, nocKOJitxy, BooGme roBopa, nponsBo^naa y" ne HBjiaexca 
nenpepbiBnoH. 3^ecb xpe6yexca cyniecxBennaa MO^H4)HKau;Ha. Mti bbc^cm mo^h4)hu;hpo- 
Bannyio MaxpHn,y Mono^poMnn M(l, A) no cJ)opMyjie 

('Pi f2 f3 \ 

^'2 f's (i,A), (t,A)GRxC. (1.9) 

if'l+pifl ^2+P^2 ^S+PfsJ 

S^ecb ipi,ip2,ip3 ecTh (|)ynflaMeHxajibnL.ie pemennH ypaBHCHHa (11. Sp . y;];oBjiexBopaioiu;He yc- 

JIOBHSM 

M(0,A) = l3, AgC, (1.10) 

Fflfi Iat - e^^nnnnnaji N x N MaxpHn,a. CooxBexcxByiom;HH xapaKxepHcxnnecKHH nojinnoM 
D HMeex BHfl 

D(r,A) = det(M(l,A) -rls), (r. A) G (1.11) 

CoGcxBCHHoe ananenne MaxpHn,t.i M(1,A) nastiBaexca MyAbmunAUKamopoM, ono aBjiaexca 
nyjicM ajireGpannecKoro ypaBHenna D{-,X) = 0. Kaac^aa 3 x 3-MaxpHu;a M(1,A),A G C, 
HMeex poBHO 3 (c ynexoM Kpaxnocxn) MyjibxnnjiHKaxopa Tj{X),j = 1, 2, 3. B cjiynae p = q = 
Myjit.xHnjiHKaxopt.1 hmciox bh^ 

rO(A) = e'^''"', AgC, j = 1, 2, 3, r^e w = e'^, 

3^ecb H jiSiJiee mbi cnnxacM 

1 f IT Sir 

z = X-i, argA G (^--, — 

BBe^eM (|)yHKn;Hio 

T(A) = TrM(l,A), A G C. 



arg.Gf--,-. 
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Teopeivra 1.2. i) MampuuHOSHaHHafi (f)yHKUufi M(l, ■) fieAfiemcfi v^eAou u Bar ecex r, A G C 
eepHU paeeHcmea: 



M*(l, A)JM(1,A) = J, sde J= -i , (1.12) 




D{t, A) = det(M(l, A) - rig) = -r^ + t^T{X) - rT(A) + 1, (1.13) 

detM(l,A) = l. (1.14) 

a) Tlycmb A G M. Ecau r(A) neAfiemcfi MyAtmunAUKamopoM, mo f^^(A) maKCHce h6ah- 
emcfi MyAtmunAUKamopoM. Bosmochchu moAbKO dea CAyuafi: 

a) ece mpu MyAbmunAUKamopa Aeotcam na eduHUHHOu OKpyotcHocmu; 

b) poeno odun (npocmou) MyAtmunAUKamop Aeotcum na eduHUHHOu OKpyofCHOcmu. 
BoAee moeo, e CAynae b) MyAbmunAUKamopu UMemm eud 

e''', e*^, e"*^^"'' Bah HCKomopozo A; G C : Im 7^ 0. (1-15) 

Hi) Uycmt) p,p',q G L^{T). Tosda ModucjjuyupoeaHHasi Mampuv^a MOHodpoMUU M u 
cmaHdapmHaH Mampu%a MonodpoMuu M ceHsanu paeencmeoM 



M{1,-) = S-^M{-)S, ede 5= 10. (1.16) 




SaMenaHHe 1) PaBencTBo fll.l6p noKasbiBaex, hto b cjiynae rjia^KHx K03(|)(|)Hi];HeHT0B 
p,q co6cTBeHHt.ie sHaneHHa MaxpHn; M(1,A) h M(A) coBna^aioT, x.e. MyjitTHnjiHRaTopbi 
Moryx onpe^ejiaTbca, xax coGcTBeHHbie sHaneHHa jiio6oh hs sthx MaxpHn;. 

2) Mbi cHHxaeM, hto ^a>Ke b cjiynae rjia^KHx K03(|)(|)Hn;HeHT0B Mo^HcJ^Hi^HpoBaHHaH Max- 
pHii;a M 6ojiee y^oGna ^jia anajiHsa onepaxopa H, neu MaxpHn;a M. B nacxHocxH, cooxHome- 
HHe cHMnjieKXHHHocxH fll.l2p fl^jis MaxpHn;L.i M HMeex Gojiee npocxofl brjx, hcm anajiornHHoe 
paBencxBO fl,Jis M. 

Ko3(|)(|)Hn;HeHxt.i nojiHHOMa D - n;ejit.ie (|)yHKij,HH nepeMenHofi A. Hsbccxho (cm., nanp., 
|Fo| . rji. 8), Hxo ero KopHH Tj{X),j = 1, 2, 3, cocxaBjisiox o^ny hjih hcckojibko BexBefi o^hoh 
HjiH HecKOJiBKHx aHajiHXHHecKHx (|)yHKii;HH, HMeiomHx xojiBKo ajire6paHHecKHe ocoGchhocxh 
B C. B xeopeMe 11.31 Mbi noKaatiBaeM, hto Tj{X),j = 1, 2, 3, Bce pasjiHHHBi h cocxaBjiaiox xpn 
BexBH o^Hoii 4)yHKn;HH t(A), anajinxKHecKoii na neKoxopoii cbhshoh xpexjiHCXHofl pHMano- 
Boii noBepxHocxH M. Bbc^bm (f)yHKUuu JJfinyHoea 

^, = \{T,+Tr^), J = 1,2,3. 

3xH 4)yHKi];HH jiBjiaioxcH BexBHMH (|)yHKn;HH A, aHajiHXHHecKOH na noBepxHocxn M. 'Q^ej^eM 
ducKpuMUHanm p(A), A G C, nojinnoMa D{-, A) (cm. fll.l3p ) paBencxBOM 

P = (ri - r2)\n - T-3)'(r2 - n)'. (1.17) 
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EcjiH p = q = 0, TO 4)yHKn;H5i JlanyHOBa A°, ee bctbh h ^HCKpHMHHaHX p° hmciot bh^ 

A° = cosA^ A°j= cos zuj^-\ j = 1,2,3, 



y/^z . 2 y/^^z . 2 v^' 



d' = 64 sinh^ - — sinh^ sinh^ . (1.18) 

^ 2 2 2 ^ ^ 

Mbi ^oKasbiBaeM cjie^yiomHe peayjitTaTbi. 

TeopeMa 1.3. i) (pyuKunu Tj,j = 1,2,3, fieAfimmcfi eemesiMu HeKomopou (^yuKunu t, 
aHaAumuHecKou na censHou mpexAucmHou puManoeou noeepxHocmu, u ydoeAemeopsiwm 
acuMnmomuKe 

rj.(A) = e'^'^'^'il + 0{z-^)) npu |A| ^ oo, ede u = e^^. (1.19) 

a) (pynnyuu = 1,2,3, fieAfimmcfi eemefiMU neKomopou (fiynKv^uu A, anaAumuHecKou 

na c6fi3Hou mpexAucmHou puManoeou noeepxHocmu, u ydoeAemeopfimm acuMnmomuKe 

Aj{X) =cos{zuj^-^) + 0i ^ J npu |A| ^ oo. (1.20) 

in) 0yHKU)U^i p - u^eAan, eeui^ecmeeHHasi na M, u npu ecex A G M ydoeAemeopHem paeencmey 

p(A) = |T(A)|^ - 8ReT=^(A) + 18|T(A)|2 - 27. (1.21) 

SaMenaHHa. 1) AcHMnxoTHKa MaTpHij,t.i mohoapomhh jxjis onepaxopa Bxoporo nopaflKa bbi- 

pajKaexcH nepes cos H sm Ta, orpaHHHeHHbie na BemecxBeHHofl och. AcHMnxoxHKa Max- 

1 

pHii;t.i MOHOflpoMHH ^jiH onepaxopa xpextero nopsiflKa BbipajKaexcs nepes e^'^^^^ ,j = 0, 1, 2, 
CM. (I2.12p . HeorpaHHHeHHBie na BemecxBeHHoii och. 3xo nopojK^aex onpeflejieHHbie xpy^- 
HocxH npn BbiHHCJieHHH cneKxpajiBHbix acHMnxoxHK. 3xh xpy^HocxH y^aexcH npeo^ojiexb, 
Hcnojibsya CHMnjieKXHHHOcxb MaxpHn;L.i moho^pomhh, cm. (I1.12p . h cjie^yromne h3 nee chm- 
MexpHH MyjibXHnjiHKaxopoB, CM. xeopeMv 11.21 ii). 

2) OyHKi^HS p onpe^ejiaex xohkh BexBjieHHH (|)yHKn;HH JlanynoBa. AnajiornHHaH (|)yHK- 
ii;h5i ypaBHCHHH "good Boussinesq" anajiHSHpyexcH MaxKHHOM [McK] . B nacxHocxn, hm 
nojiyncHO paBCHCXBO, anajiornHHoe f ll.2ip . 

B cjie^yiomefl xeopcMC mbi onncbiBaeM cnexxp onepaxopa H b xepMHHax MyjibxnnjiHKa- 
xopoB H (|)yHKn;HH JlanynoBa. 

TeopeMa 1.4. i) Cnenmp (y[H) onepamopa H aBcoAmmno nenpepueen u paeen 

a{H) = {A e M : \tj{X)\ = 1 dAH j = 1,2 uau 3} 

= {A e M : Aj(A) G [-1, 1] dAH j = 1,2 UAU 3}. (1.22) 

BoAee moeo, KpamHocmb cnenmpa paena HUCAy eemeeu cfjyHKyuu r(A) (uau A{X)), ydoeAe- 
meopfimu^ux ycAoeum U.22\} . 
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a) Cnenmp (j{H) aanoAHHem ecm eem,ecm6eHHy}o ocb u UMeem KpamHocmb 1 uau 3: 
cnenmp KpamHocmu 3 coenadaem c ospanuHeHHUM MHOotcecmeoM 

©3 = {A G M : p(A) ^ 0}, (1.23) 

u cnenmp UMeem KpamHocmt 1 ene amoso MHOotcecmea. 

in) EcAU Aj(A) G (—1, 1) Bar Kanozo-AuBo {j, A) G {1, 2, 3} x M A ne sieAsiemcsi mouKou 
eemeACHUH (^yuKv^uu Aj, mo A^ (A) 7^ 0. 

SaMenaHHH. 1) CneKxp caMoconpajKeHHoro onepaxopa jiio6oro HeneTHoro nops^Ka c rjia^- 
KHMH nepHo;];HHecKHMH K03(|)(|)Hij,HeHTaMH sanojiHaex bcio ocb, cm., nanp., |McG] . 

2) /loKasaxejibCTBo aGcojiioTHOH HenpepbiBHocra cnexxpa - cTaH;i,apTHoe (cm., nanp., 
|RS] ) H ocHOBbiBaexca na paBCHcxBe (11. 7p h tom (|)aKTe, hto co6cTBeHHt.ie sHaneHHH onepa- 
Topa H{k) - KycoHHo-anajiHTHHecKHe h HenocToaHHbie 4)yHKn;HH nepeMeHHofl k G [0,27r). 

3) PaBCHCTBO f ll.23p noKasbiBaex, hto KpaxHOCTb cnexxpa onepaxopa H hojihocxbio onpe- 
flCJiHexca SHaHCHHiiMH n;ejioii (|)yHKn;HH p. 

4) Kpaa cneKxpajitHtix nnxepBajioB Kpaxnocxn 3 sBjiaioxca xoHKaMH BcxBjieHHH cJ^yHK- 
n;HH JlanynoBa. IlepHOflHHecKHe h aHXHnepHo;],HHecKHe coGcxBCHHtie SHaneHHa HHKaK ne 
CBsaaHBi c KpaxHocxbio cncKxpa. 

5) AcHMnxoxHKa fll.2Up h paBencxBO fll.22p noKasbiBaiox, hxo npn Gojibinnx BHeprnax 
poBHO o;i,Ha BexBb (|)yHKi];HH JlanynoBa bhochx BKji8,f\ b cnexxp, ^bc ji^yr'ae bcxbh iipHHH- 
Maiox HeBemecxBeHHbie sHaneHHa. 

HpHBe^eM KpaxKoe onncaHHe paGoxbi. B § 2 mbi HsynacM cBoflcxBa MaxpHn;t.i Monoflpo- 
MHH. B § 3 ML.I ^oKasbiBacM xeopeMbi 11.21 h [L3l § 4 nocBHmeH onncaHHio onepaxopa H[k). 
Mhi ;i,OKa3t.iBaeM, nxo sxox onepaxop anajiHXHnecKH saBHCHX ox k na [0, 27r) h npn KaJK- 
flpM k 5iBji5iexc3 caMoconpajKeHHbiM h hmccx nojiHbifl naGop HopMnpoBannbix co6cxBeHHt.ix 
(J)yHKn;HH. B § 5 mbi HsynaeM onepaxop H n flOKasbiBaeM npefljioacenne 11.11 n xeopcMy 11.41 



2 MaTpHLi;a moho^pomhh 

B 3XOM naparpacj)e mbi nsynnM MaxpHn;y Mono^poMnn. Mbi nepennmeM ypaBHenne (11. 8p b 
BCKXOpnOH (|)opMe 

Y' - P{X)Y = Q{t)Y, (t,A)GMxC, (2.1) 
r^e BeKxop-4)yHKu;Ha F n 3 x 3-MaxpHnno3HannBie 4)yHKu;HH P, Q hmciox bh^ 

fyi\ f y \ / 1 o\ / o\ 

>^ = h/2 = y' , P = 1 , Q = -p . (2.2) 
VW \y" + py/ V-^A 00/ \tq -p oJ 

ripn A 7^ Bepno paBencxBO 

P = {ZU){izB){ZU)-\ (2.3) 

r^e 

U = ^ \1 u \ = {U*y\ B = \ u 0|, Z= \ iz I, (2.4) 
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■27r 

= e 3 . 



TT 


Stt- 




TT 


TT" 






, arg 2 e 






2' 


Y. 


~6' 


2. 



:2.5) 



3aMeTHM, HTo 3 x S-MaxpHHHoaHaHHaa (|)yHKn;H5i M{t,X), saflaHHas (11.9p . sBjiaeTca peme- 
HHCM HanajibHOH saflanH 

M' - P{X)M = Q{t)M, M(0,A) = l3- (2.6) 



B HeBOSMymeHHOM cjiynae p = g = pemeHHe Mq ypaBHeHna (12. 6 p HMeex bh^ Mq = 
gi^C-**), OyHKi^Hsi Mo(t, A) 5iBji5ieTC5i Li,ejioH HO A npH KajK^oM t G M. Co6cTBeHHL.ie sHane- 
HHs MaTpHn;Bi P paBHbi izu^ ,j = 0, 1, 2, h MaTpHn;a M^lt, A) HMeex co6cTBeHHbie sHaneHHii 
^izuH^j _ 2. Hs ycjioBHH f l2.5p nojiynaeM x ^ max{0, — ?/-\/3}. Tor^a hs 

Re{iz) = —y, Re{izu) = , Re{izu'^) = 

cjie^yex, hto ^jia Bcex A G C 

max{Re{iz),Re{izuj)} ^ zq = Re{izuj'^). (2.7) 

On;eHKH le*^"^^*! ^ e^'''*' ;];aioT 

|Mo(t, A) I ^ e^«l*l Bcex [t, A) G M x C. (2.8) 

3flecb H ^ajiee ^jia MaTpHn;bi A mbi HcnojibsyeM cjie^yiomyio HopMy 

\A\ = max{v^ : h - co6cTBeHHoe sHaneHHe MaTpHii,bi A* A}. 

HpHMeHasi npeo6pa30BaHHe no^oGna f l2.3p k o6eHM nacTHM paBencxBa (12. 6p . mbi nojiy- 
HaeM 

M' -izBM = Qit,X)M, M(0,A) = l3, (2.9) 

r^e 



f -p 

HanoMHHM, HTO T = Tr A^(l, ■) h nycxb Tq = Tr A^o(l; ■) b HCBOSMymeHHOM cjiynae. 
JleMMa 2.1. MampuHHOSHaHHasi (pyuKyusi M(l, ■) fieAfiemcfi v^eAOU. Bepnu Hepaeencmea 

|T(A)| ^ 3e^°+^ ecex A G C, (2.11) 

\M{1, A) - e*"^| < ^e"o+", (2.12) 



>1 = (Z[/)-iM(Zf/), Q = (ZU)-^Q(ZU) = — U-^\-p 0\U. (2.10) 



|T(A)-To(A)| ^ ^e^°+" (2.13) 



dAH ecex |A| ^ 1, zde x = /Q^(|p(t)| + \q(t)\)dt u zq = Re( 
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/l^OKasaTejiBCTBO. CxaH^apTHbie paccyjKfleHHsi, npHMeneHHtie k ypaBHeHHio (I2.6P noKasbi- 
BaioT, HTO 4)yHKij,Ha M(t, A) y^oBjieTBopHex HHxerpajiBHOMy ypaBHeHHio 

M{t,X) = Mo{t,X)+ [ Mo{t- s,X)Q{s)M{s,X)ds. (2.14) 

Jo 

HTepaH,HH B ypaBHeHHH (12 .Mp ^aioT 

M{t,X) = J2Mn{t,X), Mn{t,X)= [ Mo{t-s,X)Q{s)Mn-i{s,X)ds. (2.15) 

Ha paBencTB (I2.15P cjie^yex 

M^{t,X)= J f[(^Mo{tk+i-tk,X)Q{tk)^Mo{h,X)dhdt2...dtn, (2.16) 

0<tl<...<tn<t„ + l=t '^ = ^ 

(t, A) G M+ X C, MHOJKHxejiH B HpoH3Be;];eHHH yHop3;],oHeHbi cHpaBa HajieBo. IIo^^cTaBjiHJi 
on,eHKH (12. 8p b paBencxBa (I2.16p . mbi HOJiynaeM 



\Mn{t,X)\ ^ —\^J \Q{s)\dsj AJi3Bcex (n, t, A) G N x M+ x C. (2.17) 

3th oH;eHKH noKasbiBaioT, hto (|)opMajibHbiH psfl^ (I2.15P cxo;i,HTca a6cojiioTHo h paBHOMepno 
Ha J11060M orpaHHHeHHOM Ho^MHoacecTBe b M+ x C. Kaac^oe cjiaraeMoe sToro psfla sbjisctcs 
H;ejioH 4)yHKH;HeH HepeMeHHoii A. CyMMa xaKxce o6jia^aeT 3thm cbohctbom. HepaBencxBa 
([2I7D H |g| ^ IpI + |g| AaioT 

I TrM„(l, A)| ^ 3|M„(1, A)| ^ ^e^o ^jia Bcex (n, t, A) G N x M+ x C. 

OxcioAa HMeeM |TrM(l,A)| = | Tr M„(l, A)| <Se'°Y.T^^ ™ ^^ex fim]) . 
PemeHHa Ai{t,X) ypaBnenna (12. 9 p y^oBjiexBopaex HHxerpajitHOMy ypaBHeHHio 



M{t, A) = e^"*^ + /" e*^(*-")^Q(s)A^(s, A)ds, 
Jo 



oxKy^a cjie^yex 



M{t,X) = Y.^r.{tA), Mn{t,X)= [ e^^(*-^)^Q(s)A^„_i(s,A)ds. (2.18) 

n^O Jo 

Hs paBencxB (I2.18P HOJiynaeM 

Mnit,X) = 



J f[(^e'''~'>'+'-'>'^^Q{tk)^e''''^dtidt2...dtr, 



0<ti<...<t„<t„+i=t 
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|A^„(t, A)| ^ — f y \Q{s)\ds\ ^^jiHBcex A) G N X R+ X C. 

3th on;eHKH noKaatiBaioT, hto (|)opMajibHL.iii pji^ f l2.18p cxo^HTca a6cojiioTHo h paBHOMepno 
Ha JI1060M orpaHHHeHHOM no^MHoacecTBe b IR+ x C. CyMMHpya Ma>KopaHTt.i, h Hcnojibsya 
OH;eHKy \Q\ds ^ fljia Bcex |z| ^ 1 (cm. (I2.iup ). mbi nojiynaeM nepaBencTBa ( I2.12p . 



3 ^OKasaxejibCTBO xeopeM II. 21 - 11. 3 



/l^OKasaTejibCTBO xeopeMM 11.21 i) Hs (12. 6p cjiejjyeT JM' = VM, rj^e 

/O 1\ / 1 0\ /\-q -ip 

V = J{P + Q) = ilo -1 o \ i -p l \ = i ip -i 
\1 0/ \-i\ + iq -p Oj \ i 

H J onpe^ejiena paBencxBOM (I1.12p . Tor^a — (M*)'J = M*V A G M h 

{M*JMy = {M*)'JM + M*JM' = -M*VM + M*VM = 0, 

OTKy;];a cjie^yex {M*JM){t,X) = (M*JM)(0,A) = J ^jia Bcex (t, A) G M x C, hto ^acT 
(I1.12p . PaBCHCTBO (II. 9p H ypaBHCHHe (II. 8p ^aioT 

V^i V^a 
(det M)' = det ( ip[ ^p'^ y^g 

^(^'; + m)' (y^'s' + m)' (V's+m)', 

Torfla detM(t, A) = detM(0,A) = 1 ^jia Bcex (t, A) G R x C, hto ^aex ffLMj) . HpsiMBie 

BblHHCJieHHS HOKaSblBaiOT 

L>(r,A) = det(M(l,A) -rig) = -r^ + r2TrM(l,A) + 5(A)r- 1 ^jisi Bcex (r, A) G 

r^e -B(A) = drD{0, A). HsBecxnaa cJiopMyjia hs xeopHH Maxpnu; (cm., nanp., |GK] . paBencxBo 
IV. 1.3) ^aex 

drD{T, A) = -Dir, A) Tr(M(l, A) - tI^)-'. 

HcHOJibsya paBCHcxBo D{0, A) = 1, mbi nojiynaeM -B(A) = — Tr M^^(l, A). PaBCHcxBo (I1.12p 
^aex M-i(l,A) = -JM* (1, A) J^oxKy^a cjie^yex Tr M-\l, X) = TrM*(l,A) ^Jia Bcex 
A G C. Tor^a B{X) = - Tr M*(l, A), hxo ^aex ffTTajl . 
ii) Ha paBCHcxBa (I1.13P cjie^yex 

D{t, A) = -r=^D(f-\ A) ^Jisi Bcex (r, A) G C x M, r ^ 0. (3.1) 
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TaKHM oGpaaoM ecjin r(A) aBjisexcs KopneM D{t, A) ^jih neKOToporo A G M, to f~^(A) xaKJKe 
HBjiHeTCH KopneM. Hcnojibsya paBencTBO T1T2T3 = detM(l,-) = 1, mbi nojiynaeM HyjKHtie 
yTBep>K/i;eHH5i. 

iii) fljia ypaBHeHHa fll.Sp BBe^eM (|)yHflaMeHTajibHyio Maxpnity 

M{t, A) = {lpf~'\t, X))Ij^„ (t, A) G M X C. 

Tor;i,a M(A) = A^(1,A). HocKOJibKy ipj - (|)yH^aMeHTajibHL.ie pemeHHH ypaBHCHHa (11 .Sp h 
yjj xaKJKe HBjiaioTcs ero pemeHH3MH, ipj - jiHHeflHbie KOM6HHan,HH ifj. HanajitHbie ycjioBna 
ffTTOj) ;^aioT 

99i(t, A) = (^i(t, A) -p(0)^3(t, A), v52(t, A) = ^2(t, A), v93(t, A) = ^3(t, A), 
fljiH Bcex (t, A) G M X C, oTKy;i,a cjie^^yex, hto 

^i-p(0)^3 ^2 ^aX _ 

^'i-p(0)^3 ^2 ^'3 (t,A)=A^(t,A)5, (t, A) gMx C. (3.2) 
,^1-P(0)^'3 ^^jV 

1 0\ 

riocKOJiBKy =1 10, paBeHCTBo (II. 9p jj^aeT 
VP(0) 1/ 

V'l <^2 ^3 I ^) AJia Bcex (t, A) G M X C. (3.3) 
, „// , „// , ji 

Vis paBeHCTB ([22]), (Q cjie^yeT ([TTB]) . ■ 

/],OKa3aTejifaCTBO xeopeMbi 11.31 i) 06o3HaHHM nepea rj* = = 1, 2, 3, co6cTBeHHL.ie 

SHaneHHa MaTpHij;t.i e*^^. Ho HSBecxHofi xeopeMe xeopHH MaxpHii; (cm., nanp., |HJj . cjieflfiTBne 
6.3.4) H3 (I2.12P cjie^yex, hto npn KayKflpu |A| > 1 MaxpHij,a A^(1,A), a sHannx h Maxpn- 
n;a M(1,A), HMeex no KpaflHeli Mepe o;i,ho coGcxBCHHoe sHaneHne Tj(A) b xaac^^oM Kpyre c 
r°(A), j = 1,2,3, H pa^nycoM 





'^2 


<^3^ 






V'2 


^3 


1 (t,A)= 1 




^2 


^3^ 





ii,eHxpoM r°(A), j = 1, 2, 3, h pa;i,HycoM ■pre^""^*'. B nacxHocxH, npn j = 3 nojiynaeM 



r3(A) - e*"''"| < ^e"o+" ^Jisi Bcex |A| > 1, (3.4) 



\z\ 



oxKy^a cjie^yex |r3(A)e ^"^^^ ~ 1| < ]7[^*' Bcex |A| > 1, hxo ^aex acHMnxoxHKy (I1.19P ^jih 
j = 3. Hcnojibsya paBencxBa T2 = Tg"^, ri = (r2T3)~^, nojiynacM (ll.lOp ^Jia j = 1,2. 

KpoMe xoro, acHMnxoxHKa (ll.lOp noKaatiBaex, hxo Bce cJ)yHKn;HH Tj{X),j = 1,2,3, paa- 
JIHHHL.1. ripe^nojiojKHM, Hxo KaKa5i-jiH6o hs cJ)yHKii;HH Tj(A) sBjiaexca n;eji0H 4)yHKLi;HeH ne- 
peMeHHOH A. AcHMnxoxHKa (I1.19P noKastiBaex, hxo ona aBjiaexca n;ejioH 4)yHKn;HeH nopa^Ka 
I H, cjie;i,OBaxejibHO, HMeex 6ecKOHeHHoe hhcjio nyjieli (cm., nanp., |Lej . rji. 1. 10). 3xo npo- 
XHBopeHHX paBCHCXBy = 1. TaKHM o6pa30M, hh ojina hs (|)yHKn;HH tj hc HBjiaexcH 
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ii;ejiOH H Tor^a Tj - xpn bbtbh o^hoh 4)yHKii;HH r, aHajiHTHHecKofi na cbhshoh xpexjiHCTHofi 

pHMaHOBOii nOBepXHOCTH. 

ii) AcHMHTOTHKa ( I1.19P ^aex (ll.20p . AcHMnxoTHKa ( ll.20p noKaatiBaex, hto Bce (|)yHKn;HH 
Aj(A),j = 1,2,3, pasjiHHHbi. Hpe^^nojiojKHM, hto KaKaH-jinGo hs (|)yHKij,HH Aj aBjiaeTca 



ii,ejiOH 4)yHKii;HeH. Tor^a Tj = + y Aj — 1 SBjiaeTCH anajiHTHHecKOH (|)yHKii;Heii na ^By- 

JIHCTHOH pHMaHOBOH nOBCpXHOCTH, HTO npOTHBOpCHHT yTBepJKfleHHK) ii). Cjie^oBaxejiBHo, 

HH o^Ha H3 (J)yHKii;Hii Aj He aBjiaexcH n;ejioH h xor^a Aj - xpn BexBH o^Hoii 4)yHKi];HH A, 
aHajiHXHHecKofi na cb5I3hoh xpexjiHcxHoft pHManoBOH noBepxHocxH. 

iii) OyHKn;H5i p HBjiaexca ^HCKpHMHHaHXOM Ky6HHecKoro nojiHHOMa (I1.14p c n;ejit.iMH ko- 
34)4)Hn;HeHxaMH, nosxoMy p - ij,ejiaa 4)yHKn;Ha. Cxan^^apxHaa (|)opMyjia fljia ^HCKpHMHHaHxa 
d KyGHHecKoro nojiHHOMa —r^ + ar^ — br + 1 fl,a.eT d = {abY — 4(a^ + b^) + 18ab — 27, oxxy^a 
cjieflyeT fll.2ip . ■ 

HaM noxpeGyioxcji cjie^yiomHe cBoficxBa n;ejiL.ix 4)yHK^Hii D{e''', ■),k e [0, 27r). 
JleMMa 3.1. i) Kaotcdan us cpyHKV^uu D(e*^, X),k E [0, 2tt), ydoeAemeop^iem acuMnmomuKe 
D(e*^A) = Do(e*^A)(l + 0(|2r^)) npu |A| ^ cx), (3.5) 
ecAU \z — k — 2'Kn\ ^ ^,\zu — k + 2'Kn\ ^ | dAH ecex n G N, zde 

Do{r, A) = -r^ + T^ToiX) - r%(X) + 1. (3.6) 

ii) Cyuji,ecmeyem no ^ 1 manoe, umo dAfi Kaofcdoso ycAoso N > n^ u 
a) dAH ecex k G [0, |) U (^,27r) (^ynnuufi D(e*'^, ■) UMcem poeno 2N + 1 nyAt, c yuemoM 
Kpamnocmu, e npyze {A : |A| < (7r(2A^ + 1))^}; 

h) dAH ecex k E [f , (pynnyuH D{e^^, ■) UMcem poeno 2N nyAcu, c yuemoM Kpamnocmu, 
e Kpyze {A : |A| < (27rA^)^}. 

BoAce mo20, dAR Kaotcdoso n > N u dAR ecex k G [0,27r) (fiyHKU,ufi D{e^^,-) UMcem poeno 
odun npocmou nyAb e naotcdoM npyse {A : \z — k — 27m| < |}, {A : \zuj — k + 2'Kn\ < ^}. 
/Jpysux nyAcu ama (fjynnyufi ne UMcem. 

Proof, i) Hycxb k G [0,27r). Hs paBencxB fll.l3p . (13. 6 p nojiynaeM 

|D(e'^A) -Do(e'^A)| = |e*'=(r(A) -To(A)) -T(A) +To(A)| p^jin Bcex A G C. 
0^eHKH fl2:T3|) ^aiox |T(A) - To(A)| < ^6^°+^, h xor^a 

|D(e*^A) -Do(e*^A)| ^ ^e"«+" AJia Bcex |A| ^ 1. (3.7) 

npe;],nOJIO>KHM, HTO 

\Do{l,X)\^ — , <\X\ > R : \z-k-2'Kn\ ^ \zuj-k+2Tm\ ^ - Bcexn e N\ (3.8) 
8 1 2 2 J 

fljiH HeKoxoporo ;];ocxaxoHHo 6ojibmoro i? > 0. Oii;eHKH (13. 7p h (13. 8p ;];aiox (13. 5p . 
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^OKaJKCM (13. 8p . Hcnojibsya paBencTBO Dq{t,X) = — (r — e*^)(r — e*'^^)(r — e*"^ ml,i 
nojiynaeM 

Do(e^^ A) = -ie'' - e'^)ie'' - e'^ie'' - e'^'^) = -zSe^^ sin ^ sin sin ^^^^ 

Zi ^ Zi 

^jiH Bcex A G C. Hcnojibsya cxaH^apTHyio oii;eHKy | sinz| > ie'^™^' npn \z — 7rn| ^ ^ ^jia 
Bcex n ^TL (cm. |PT] . jieMMa 2.1) b fl3.6p . mbi nojiynaeM 

8 8 

fljia Bcex {A G C : Iza;-' — k — 27ra| > l,j = 0, l,2,n G N}. YHHTBiBaa, hto HepaBencTBa 
{zu}"^ — k ± 27m\ > l,\z — k + 27rn\ ^ ^, |za; — k — 27m\ ^ |, n G N, BbinojiHeHbi fljia Bcex 
^ocTaxoHHo Gojibinnx |A|, mbi nojiynaeM (13. 8p . 

ii) PaccMoxpHM k G [0, ^). /loKaaaxejiBCTBo ^jih ^pyrnx sHaHeHHii k anajiornHHo. HycTB 
N ^ 1 - ^ocxaxoHHo GojiBinoe n N' > N - jiio6oe n;ejioe hhcjio. BBe^eM KOHxypbi Ca(r) = 
{X : \z — a\ = r}, r > 0, a ^ 0. Hycxt A npHHa^jiexcnx KOHxypaM 

Co(vr(2iV+l)), Co(7r(2iV' + l)), Ck+2.n[^), ^fc-s^n^^ (^) , n>N. 

AcHMnxoxHKa ( 13. 5 p p,aeT 



D{e'\X) 



|D(e^A)-Do(e^A)| = \D,{e^\X)\ ) / -I = |Do(e^ A)|0(|^|-^) < \Do{e^\X)\ 

Ha Bcex KOHxypax. Ho xeopeMe Pyme D{e^^, ■) HMeex cxojibko jkc nyjieli, ckojibko Do{e^^, ■) b 
KaJK^OH H3 orpaHHHeHHbix o6jiacxeH n b ocxaBineiica HeorpannHeHHoii o6jiacxH. HocKOjiBKy 
Do{e^^, ■) HMeex poBHO o^hh Hpocxoii nyjib b KaJK^oii xoHKe (27rn + k)^,n & m N' > N 
MOJKex Gbixb BbiGpano nponsBOJiBHo Gojibiuhm, mbi nojiynaeM HyjKHbifi pesyjibxax. ■ 



4 OnepaTop H{k) 

EcjiH p = g = 0, xo KaJKflbiii onepaxop HQ{k) = id^, k G [0, 2tt), ;i,eHCXByioiri;HH b L^(0, 1), 
caMoconpajKen na o6jiacxH onpe^^ejienna 

^{Ho{k)) =|/, r e L\0, 1) : f^^\l) = e''f<^\0) ^Jih Bcex j = 0, 1, 2|. 

CoGcxBeHHbie sHaneHHa onepaxopa HQ{k), k G [0, 27r), Bce npocxbie h paBHbi A^(/c) = (2?™ + 
kY,n G Z. CooxBexcxByiomHe co6cxBeHHL.ie 4)yHKi];HH '4'nk~ e**^^'^""'"'^-'* o6pa3yiox opxoHop- 

MHpOBaHHblH 6a3HC B L^(0, 1). 

JieMMa 4.1. KacHcduu onepamop H{k),k G [0,27r), - caMOConpHOtceHHUu. 
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a) Onepamop H{k),k G [0,2tt), UMeem ducKpemnuu cnenmp 

a{H{k)) = {A G M : e*'' - co6cmeeHHoe snaneHue M(1,A)}. (4.1) 

Eso pesoAheenma {H{k) — A)~"'^,A G C \ a{H{k)), neAHemcfi onepamopoM FuAbBepma- 
UlMudma u uMeem eud 



{{H{k)-X)-'f){t) = t [' Rk,i3{t,s,X)f{s)ds, tG [0,1], 

Jo 



(4.2) 



2de 



= M{t, A) (x(t -s)ls- (M(l, A) - e*'=l3)"'M(l, X)^M-\s, A), (4.3) 

vft) = < ' ^ . BoAee mozo, npu docmamoHHO 6oAbmoM a > pesoAbeenma (H(k) — 
^ ^ [0, t < ^ ^ ^ 

ia)~^ H6ARemcH anaAumuHecKou onepamopHOSHaHHOu (f)yHKii,ueu nepeMeuHou k e neKomo- 
pou oKpecmHocmu unmepeaAa [0, 27r] e C. 

in) Co6cmeeHHue (pyHKii,uu ipn,k-,n G Z, onepamopa H{k),k G [0,27r), c coBcmeeHHUMU 
SHaueHUfiMU Xn{k) oBpaaymm opmoHopMupoeaHHUu 6a3uc e L^(0, 1). BoAtmue no ModyAW 
coBcmeeHHue SHaueHUR Xn{k) - npocmue. SanyMepyeM Xn{k) e nopRdne eospacmanusi ... ^ 
A-i(fc) ^ Xo{k) ^ Ai(A;) ^ X2{k) ^ ... c ynemoM KpamHocmu. Bepna acuMnmomuKa 

Xn{k) = {2Tm+ky{l + 0{n-^)) npu n ±oo (4.4) 

paenoMepHO no k. 

/l^OKasaTejibCTBO. i) BBe^eM cjie;];yioiri;He onepaTopbi b L^(0, 1): 

= id^ + idp + ipd + g, 

^{H+) = [ye L\0, 1) : i{y" + py)' + ipy' + qy e L\0, l),y", {y" + py)' G ^^([0, 1])} 
H H_, KOTopbiH aBjiaeTca cyjKeHHeM na o6jiacTB 

^(//_) = |y G ^(i/+) : 1/(0) = 1/(1) = i/'(0) = y'il) = (y" + pyM = iy" + py)il) = o|. 



Onepaxop H_ - hjiotho onpe;];ejieHHt.iH cHMMeTpHnecKHfi onepaTop c HH^eKcoM ;];e4)eKTa 
(3, 3) H = H*_, H_ = H^, CM. fGM] . BBe^eM jiHHeflHBie oToGpajKeHHH Fi, 12 : ^{H^) — )■ 

paBCHCTBaMH 

z{y" + py){l)\ f y{l) \ 

Tiy = I -^{y" + pyW) , = i/(o) . (4.5) 

y'(l) - Zl/'(0) / \^Ly'^l).^^y'(Q)) 
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^ajiee mm HcnojitayeM cjie^yiomHH peayjibxaT h3 |GM| : 

1) nycmb A - yHumapHuu onepamop e C^. Tozda cyofcenue onepamopa na MHOotce- 
cmeo (fjyHKyuu y us S>{H^), ydo6Aem6opfimvui,ux ycAoeum 

{A - \^)V^y + i{A + 13)122/ = 0, (4.6) 

fieAfiemcfi caMoconpjicHceHHUM paciuupenueM Ha onepamopa H_ . 

2) JJasi KacHcdoso caMoconpsicHceHHOso pacmupenufi H onepamopa H_ cyv^ecmeyem ynu- 
mapuuu onepamop A e manou, umo H = Ha- 

3) CoomHomenue Meotcdy MHOOfcecmeoM {A} ynumapnux onepamopoe e u MHOotce- 
cmeoM {Ha} caMoconpnoiceHHux pacmupeHuu neAfiemcR Buenyueu. 

Ho^GepeM yHHTapHbifi onepaxop A xax, htoGm ycjioBHa (14. 6 p ^jih onepaxopa Ha ^aBajiH 
ycjiOBHH (II. 5p ^JiH onepaxopa H{k). Hycxb k G [0, 27r) h nycxb onepaxop A HMeex bh^ 

A = I -e-"' 1, a = le"' + 1, b = ^^e''^ + (4.7) 




PaBencxBO (^fr|) ^ = (ffr|) noKaatiBaex, nxo A - ynnxapntin onepaxop. no;i,cxaBji33 (14. 7p 
H (14. 5p B paBencxBo (14. 6p . mbi nojiynaeM 





— e 





_^-ik 


-1 











2b 
ia—b 



tiy" + py)il) \ f 1 -e*'^ \ / iy{l) 
-i{y" + pym\ + \-e-''^ 1 iy{Q) 1 =0 

i/'(i)-V(o)/ V ^;V^^'(i) + ¥2/'(o) 



nXO paBHOCHJIBHO 



y \ I y 

Ak 



y' (i) = e^N y' (0). (4. 



+py/ \y +py/ 

CpaBHHBas (14. 8 p c (II. 5p . saKjiionaeM, nxo Ha = H{k), r^e A onpe;i;ejieH paBencxBOM (14. 7p . 
HocKOjiBKy A - ynnxapntiH, Ha h, cjie^oBaxejitno, H{k) - caMoconpajKenntiii. 

ii) Pemenna ypaBnenna iy'" + {py)' + py' + {q — A)?/ = / y^^oBjiexBopaiox paBencxBy 

Y{t) = M{t,X)Y{0) + M{t,X) [ 3/r\s,X)F{s)ds, Y=\ I' |,i^=|o], (4.9) 

\y"+pyj \ifl 

Tj\e (t, A) G M X C. YcjioBHa ( Oj) jisa.}ot 

M(l,A)r(0) + M(1,A) f M-\s,X)F{s)ds = e'''Y{0). (4.10) 

Jo 

Hycxb onepaxop (M(l, A) — e^^la)^^ orpannnen ^jih nexoxoporo A G C. Tor;];a ns paBencxBa 
(I4.10p HMeeM 

r(0) = -(M(1,A) -e^'^l3)"^M(l,m) / M-\s,X)F{s)ds. 

Jo 
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rioflCTaBJIHH 3TO paBeHCTBO B (14. 9p . ML.I HOJiyHaeM 



Yit) 



I Rk{t,s,X)F{s)ds fljisi Bcex teR, (4-11) 
Jo 




OTKy^na cjiepyeT (14. 2p . 

MaTpHHHosHaHHaa 4)yHKii;HH M aGcojiioTHo nenpepbiBHa no t. HocKojibKy det M{t, A) = 
1, 4)yHKLi;H3 xaKJKe aGcojiioTHo nenpepBiBHa. Tor;i,a paBencxBa fl4.2p . fl4.3p noKasBiBa- 
lOT, HTo pesojibBCHTa onepaxopa H{k) aBjiaexca onepaxopoM rHjibGepxa-IIlMH^xa. Cjieflo- 
BaxejiBHo, onepaxop H{k) HMeex ^HCKpexHbm cneKxp. 

Hycxb A - co6cxBeHHoe SHaneHHe onepaxopa H{k). Tor^a mbi HMeeM 

e''{ I' )(0)=( y' |(1)=M(1,A) 

y + pyj \y" + py/ 

Cjie^OBaxejibno, A HBjiaexca nyjieM 4)yHK^HH D{e'^,\) = det(M(l,A) - e^^lg). 06paxno, 
nycxb A - nyjib 4)ynKn;HH Z}(e*'^,A). Tor^a MaxpHn;a M(l, A) HMeex co6cxBeHHt.m BCKxop 
{xi,X2,Xs)~^ , cooxBexcxByioniHH coGcxBennoMy ananennio e*'^. Pemenne y ypaBnenna fll.Sp . 
y^oBjiexBopHiomee nanajitntiM ycjioBHHM y^^~^\0) = Xj,j = 1,2,3, ^aex co6cxBennyio 
(|)ynKn;Hio onepaxopa H{k). TaKHM oGpasoM, A - coGcxBennoe sHaHenne H{k), oxxy^a cjie- 
flyex dUD. 

• TV 1 1 

Hycxb X = ia c neKoxoptiM ^ocxaxonno 6ojibmHM a > 0. Torfl,a z = e^saa^as > 0, 
oxKy^a cjie^yex 

1 

Reiz = Rezuz = — — , Reiu z = a^. 
AcHMnxoxHKH ( I1.19p noKasbiBaiox, nxo 

rj.(A) =e-5"^(l + 0(a-^)), j = l,2, r3(A) = e"^ (1 + ©(a^^)) npn a ^ +oo. 

TaKHM o6pa30M, npn ^ocxaxonno Gojibmnx a > co6cxBennL.ie snanenna Tj{ia),j = 1,2,3, 
MaxpHn;L.i M{l,ia) jiexcax flajiexo ox e/i;HnHnnoH oKpyjKnocxn. Tor^a onepaxop {M{l,ia) — 
e^'^la)"^ anajiHXHHecKH saBHcnx ox A; b neKoxopon oKpecxnocxn nnxepBajia [0,27r]. Hs pa- 
BCHCXBa (14. 2 p cjie^yex, nxo peaojitBenxa {H{k) —ia)~^ HBjiaexca anajiHxnnecKoii onepaxop- 
nosnannoH cJ)yHKn;HeH nepeMennofl k b sxoii oKpecxHocxn. 

iii) PeaojiBBenxa onepaxopa H{k) jiBjiaexca KOMnaKxnbiM onepaxopoM. KaK nsBecxno 
(cm., nanp., [Rj, rji. 12.5) b sxom cjiynae co6cxBennL.ie (|)ynKn;HH o6pa3yiox opxonopMnpo- 
BannbiH Gasnc. 

PaBencxBo T = ti + T2 + n acHMnxoxHKa (I1.19P ;i,aiox 



T{X) = e''^''{l + 0{z-^)) npn A ^ ±00, T{X) = {l + 0{z-^)) 



npn A —J- +00 
npn A — 7- —00 
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Hs paBeHCTBa f ll.lSp nojiynaeM 

D(e*^ A) = e*2^e^'^'"(l + 0{z-^)) - e'^e-''^'{l + 0{z-^)) = 2ze^t'=+^" (^sin + 0(2-^)) 

(4.12) 

npH A — 7- +00 H 

D(e'^ A) = e'2fcgi-2. ^ 0(;2^i)) - e^'^e"'^ (l + 0{z-^)) = 2^e*i^+^l^l (sin + 0{z-^)^ 

(4.13) 

npH A — i- — oo paBHOMepHo no G [0,2-7?]. MnojKecTBo coGcTBennbix sHaHennn A„(A;) onepa- 
Topa -f^(A;) Ben];ecTBenno n coBnaflaex c MnojKecxBOM nyjieii (|)ynKn;HH D{e''^, ■). Hs jieMMbi lSTT] 
ii) cjie^yex, nxo Gojibmne no Mo^yjiio nyjin D{e^'', ■) - npocxbie. KpoMe xoro, A„(/c) = (2?™ + 
k + Sn)^, \Sn\ < f AJiH Bcex ^ocxaxonno 6ojit>mHx |n|. HoflcxaBjissi ^ = An(/c)3 = 27Tn + k + 6n 
B fl4.12p . fl4.13p . Mbi nojiynaeM = 0(n~^) npn n — )■ ±cxo, nxo ^aex acHMnxoxHKy (14. 4p . ■ 

JleMMa 4.2. OnepamopHosnaHHasi cjjyHKV^u^i H{-) 6em,ecm6eHH0 anaAumuHHa e cmucac 
Kamo 6 HeKomopou OKpecmHocmu unmepeaAa [0,2tt] e C. KpoMe moso, H{k) u H{2'k — k) 
aHmuyHumapHO 3KeueaAeHmHU no omHomeHum k o6uHHOMy KOMUAeKCHOMy conpfioiceHum. 
B HacmHocmu, ux coBcmeeHHue SHaueHUfi paenu u coomeemcmeyioiUiUe coBcmeeHHue cfjyHK- 
yuu KOMUAeKCHO conpfiMceHU. 

a) /^Asi k G (0, 27r) coBcmeeHHue SHaueHUfi onepamopa H{k) UMemm KpamHocmh 1 uau 
2. KpoMe moeo, Oasi nacHcdoso n G Z cymecmeyem KOHennoe hucao rUn ^ SHaneHuu 
ki G (0,27r),£ = l,...,m„, maKux, huio Xn{ke) ecmb co6cmeeHHoe SHaneHue KpamHOcmu 2 
onepamopa H{k(). Kaotcdan cfjyHKyusi Xn{-),n G Z, nenpepuena na [0,27r), anaAumuHHa u 
nenocmoRHHa na naotcdoM us unmepeaAoe {0, ki), {kfn„,2Tr), {ki, k^^i), i = l,...,m„ — 1. 

in) Uycmh n G Z. Tosda L^(0, l)-3HaHHasi (pyHKUUR ipn^^ nenpepuena no k na [0, 27r) u 
eem^ecmeenno anaAumuuna no k na naofcdoM us unmepeaAoe (0, ki), {km„, 2it), [kg, ki^i),i = 
1, ...,m„ - 1. 

SaMenaHHe. YxBepjK^enne ii) jieMMbi o xom, nxo (|)ynKn;HH A„(-),n G Z, ne Moryx 6l.ixb 
nocxoannbiMH, sBjiaexca KjnoneBbiM ^jih ^oKaaaxejibcxBa aGcojiroxnoH nenpepbiBnocxH cnex- 
xpa onepaxopa H. 

^OKasaTejibCTBO. i) PesojibBenxa {H{k) —ia)~^ npn ;];ocxaxonno 6ojibmoM a > HBjiaex- 
C3 anajiHXHnecKOH onepaxopnosnannon (|)ynKn;HeH nepeMennon k b nexoxopon oxpecxnocxn 
nnxepBajia [0, 27r] b C Cjie;i,OBaxejibno, onepaxopbi H{k) oGpasyiox anajinxnnecKoe ceMen- 
cxBo B cMbicjie Kaxo b sxoh oxpecxnocxn, cm. |RS] . rji. XII. 2. Onpe^^ejienne (II. 5p onepaxopa 
H[k) noKasbiBaex, nxo H{k) n H{2tt — k) anxnynnxapno 3KBHBajienxnL.i. 

ii) HanoMHHM cjie^^yromnit HSBecxHbiH peayjibxax, cm. |Ka] . xeopcMa VII. 1.8: 
EcAU ceMeucmeo onepamopoe A{k) anaAumuuno (e cmucac Kamo) e oKpecmnocmu nyAsi, 
mo AwBan Konennasi cucmeMa co6cmeennux snauenuu onepamopa A{k) npedcmaeAsiemcji 
eemesiMU odnou uau necKOAbKux anaAumuuecKux (pynnyuu, UMemuji,ux caMoe BoAtmee aA- 
2e6pauHecKue oco6ennocmu e nyAe. 

Ho jicMMC [XT] ii) cyn];ecxByex ^ 1, ne saBHCHn^ee ox k, xaKoe, nxo Bce coGcxBennbie 
snaHenna Xn{k),k G [0,27r), \n\ > N, - npocxbie. Oxcio;i,a cjiepyeT, nxo Kaac^^aa (J)yHKu;H5i 
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A„(-), \n\ > N, anajiHTKHHa na [0,27r). HpHMeHssi BbimenpHBefleHHbm peayjibxaT k KOHen- 
Hoii cHCTCMe co6cTBeHHL.ix sHaHeHHH Xn{k), \n\ ^ A^, co6cTBeHHt.ix 3HaHeHHH onepaxopa 
H{k),k G [0,27r), nojiynaeM, hto Kaac^aa (|)yHKn;Ha A„(-), \n\ ^ A^, nenpeptiBHa h KycoHHO 
anajiHTKHHa na [0,27r). 

HoKajKeM, HTo jiio6oe co6cTBeHHoe sHaneHHe Xn{k),n G N, - npocxoe ^jia Bcex k G 
(0, 27r), sa HCKjiioHeHHeM KOHeiHoro HHCJia sHaHeHHfl fc. HanoMHHM, hto hhcjio pasjiHHHtix 
coGcTBeHHbix sHaHeHHH M(l, A) paBHo 3 nesaBHCHMo ot A, sa HCKjiioHeHHeM HCKOTopbix cne- 
Li,Hajit>Ht.ix TOHCK A G C. B KajK^oM KOMnaKTHOM no^MHOJKecTBe B C HMeexca jiHinb kohch- 
Hoe HHCJio xaKHx HCKjnoHHTejiBHBix TOHCK. EcjiH A - BBipojK^eHHoe co6cTBeHHoe sHaneHHe 
H{k), TO e^^ HBjiaeTCH KpaxHtiM co6cTBeHHi>iM sHaneHHeM MaTpHii;i>i M(l, A) h A - hckjiiohh- 
TejiBHaa xoiKa. ripe^nojiojKHM, hto cymecxByex GecKoneHHoe hhcjio sHaneHHii fc^ G (0,27r), 
xaKHx, Hxo Xn{ke) (c HeKoxopbiM (|)HKCHpoBaHHL.iM n G Z) ecxt. BL.ipo>K;];eHHoe co6cxBeHHoe 
SHaneHHe. Tor^a MHOJKecxBO {ke,i G N} HMeex no KpafiHeii Mepe o^ny npeflejiBHyio xoh- 
Kj k = lim^_j.oo ki G [0, 27r] h mbi HMeeM: jih6o a) lim^^oo Xn{ke) = oo, jih6o b) mho^kccxbo 
{A„(fc£), G N} HMeex KOHenHbiii npe;];eji. AcHMnxoxHKa (14. 4 p noKasbmaex, hxo a) neBosMoac- 

HO. HoCKOJIBKy B KaJK^^OM KOMHaKXHOM HO^^MHOJKeCXBe B C HMeeXC3 JIHint. KOHeHHOe HHCJIO 

HCKjnoHHxejiBHBix SHaHeHHH, b) xaKJKe neBOSMOJKHO. TaKHM o6pa30M, cymecxByex KOHennoe 
HHCjio rrin ^ SHaneHHii ke G (0, 27r) xaKHX, hto Xn{ke) ecxb Bt>ipo>K;i,eHHoe coGcxBeHHofi sna- 
HeHHe onepaxopa H{k^). cI?yHKij,HH A„(-) nenpepbiBHa na [0,27r) h anajiMXHiHa na Kaac^^oM 
H3 HHxepBajioB (0, fci), (A;^, A;^+i), {km„, 2-n). 

EcjiH A - co6cxBeHHoe ananeHHe H{k) Kpaxnocxn 3, xo MyjitxHnjiHKaxop r = e^^ HMeex 
KpaxHocxB 3. PaBeHcxBo (I1.14p noKastiBaex, nxo b sxom cjiynae t = 1, oxxy^a cjie^yex /c = 0. 

Hpe^nojioJKHM, nxo ^jih neKoxoporo n G Z (|)yHKn;H5i A„(/c) = c = const na nexoxopoM 
nenycxoM nnxepBajie (a, /3) C [0, 2-7?), h nycxb A = T(c). Tor^a ns (I1.13P cjie^yex paBencxBo 



Bbipaacaa oxcio^a e no (|)opMyjiaM Kapflano, mbi nojiynaeM k = const, xo ecxb paBencxBO 
(I4.14P ne mojkcx BbinojinaxbCH jiJis Bcex k G (a,/3). Hojiynennoe npoxHBopenne ;i,OKa3t.iBaex 
yxBepjK^^enne. 

iii) Pesyjibxax cjiepyeT ns i), ii) n xeopcMbi Kaxo-PejiJinxa, cm. [RS], xeopcMa XII. 8. ■ 

5 CneKTp onepaxopa H 

06o3nanHM nepes (M) (njioxnoe b (M) ) MHOJKecxBo rjia^KHx 4)ynKn;HH na R c orpann- 
HennbiM nocnxejieM. 

JleMMa 5.1. i) UpodoAotcuM ipn.k, {n, k) GZx[0,27r), c [0, 1] naM. paeencmeoM tlJn,k{t+l) = 



- e'^'' + e'^'^A - e'^A +1 = p^jis Bcex 




(4.14) 
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BepHU paeencmea 

r2n 1 /.27r 



2 _ 

~ 2tt 



zzj Onepamop Hi = U ^ /[|^27r) -^(^)l^ ^ ^ caMoconpsicHceHHUu na o6Aacmu ^{Hi) = 
Si{H), sde oBAacmt S){H) onpedeAena e U.2\} . KpoMe moso, onepamop Hi ydoeAemeopfiem 
paeeHcmey 



{Hif)n{k) = \n{k)fn{k) dAR 6cex (n, fc) G Z X [0, 27r), / G &{Hi), (5.3) 
2de onepaiL,ufi~ CHumaemcfi npodoAMceuHou na ece L^(R) no Henpepuenocmu. 

^OKasaTejibCTBO. HanoMHHM, hto yHHTapHbiii onepaxop U : L^(R) — > Jif ^eiicTByeT no 
(j3opMyjie 

Uk{t) = (UfUt) = J2 + i)- (5.4) 

3flecb = /[o 27r) 1^' ~ -^^([0)1])'^^) ^ BBeflfiM cKajiapHoe npoH3Be;];eHHe {■,-)o h 
HopMy II ■ II B rHjib6epTOBOM npocTpancTBe J^'. 

i) /I,Ji3 / G C^(M) cyMMa b (15 ■4p KoneHna h y;];oBjieTBopaeT paBencxBy 

Ufc(t + 1) = e~*''Mfc(t), /(t) = — / Uk{t)dk p^jis Bcex t G R. (5.5) 

271" Jo 

KpoMe Toro, 

L{k)= r$^/(t + ^)tMt+7)rft= rEe-*'=V(t + £)^M^yrft= l'\kit)AMf)dt. 
Jo JO JO 

HocKOjiBKy -^n^fc o6pa3yioT opTOHopMHpoBaHHbiii 6a3HC b -L^(0, 1), mbi HMeeM 

^\fn{k)\^=l \uk{t)\^dt, Uk{t) = J2fnik)iJnAt) AJi^ Bcex tG[0,l]. (5.6) 

yHHTapHocTb ?7 ^aex ||/|p = ||w||^ = 2~: Jq^ dk \uk{t)\'^dt. Ha sToro paBencTBa h nepBoro 
paBencTBa b (15. 6p cjie^yex nepBoe paBencxBO b (15. 2p . IIo^cTaBjiHH Bxopoe paBencTBO b (15. 6 P 
BO BTopoe paBCHCTBO B (15. 5p . nojiynaeM Bxopoe paBencxBO b (15. 2p . 

ii) Onepaxop A = g^r) -^(^)l^ (J)ynKu,H5ix ns oGjiacxn onpe^ejienna 

/.27r 

^(A) = {ueJ^:Uke ^{H{k)) fljia Bcex A; G [0, 27r), / ||i7(A;)Mfc||2dA; < 00} 

Jo 

- caMoconpsiJKennbiH, cm. |RS]. xeopeMa XIII. 85. Tor^a Hi = U~^AU caMoconpajKen na 
o6jiacxH ^{Hi) = U-^^{A). 



20 



HoKajKeM, HTo S>{Hi) = ^{H), r^e ^{H) - oGjiacxb, sa^^aHHas paBencTBOM (ll.2p . 
HycTb / e ^{H). Ha paBencxBa f ll.6p cjie^yex, hto = {U f){k) G S'{H{k)) ^jia Bcex 
k e [0, 27r). KpoMe xoro, mbi hmccm huk = {U{hf)){k), r^e /i = i{d'^ + p)c} + idp + g. 
Tow = \\hff. Hs /i/ e L\R) cjie^yex < oo. 

TaKHM o6pa30M, u = Uf & ^{A) h, cjie^oBaxejibHo, U^{H) C !^{A), oxxy^a HMeeM 
^{H) C = ^{Hi). 06paxHo, nycxt u G ^{A). Tor^a G ^{H{k)) p^jiiL 

Bcex A; G [0,27r) h paBencxBo /(t) = Jq^ Uk{t)dk p^aeT f',f" + pf E AC(R). Kpo- 
Me xoro, J^^ \\H{k)uk\\ldk < oo. Hcnojibsya ynnxapHocxb U, oxcio^a nojiynaeM = 
2^ \\H(k)uk\\ldk < oo, Hxo osnanaex hf G L^(M). TaKHM o6pa30M / = U~^A G &{H) h 
Mbi HMeeM U~^&{A) = Si{Hi) C 3i{H). Cjie^oBaxejibHo, ^(ifi) = &{H). 

JXoKSJKem ([53D. Hycxb / G ^(ifi) fl C^(]R). HsBecxHo, hxo MHoxcecxBo ^(iJi) fl C^(M) 
HjioxHo B L^(]R) (cm., Hanp., |EM| . Appendix A). PaBencxBa (15. ip . (II. 6p ^aiox 

iJhhSk) = [ {H^f){t)iJ;jt)dt = J2 [\HJ){t + i)4J:^e-^''dt = {{UHJ){k),^^,k)o 
Jr Jo 

(5.7) 

H 3XO paBeHCXBO no nenpepbiBnocxH Moxcex Gbixl. npo^^ojiaceno na Bce MnoxcecxBO / G S){Hi). 
Ha onpe^ejienna Hi cjie;i,yex {UHif){k) = {AUf){k) = H{k)uk- no;i,cxaBjiH3 3xo paBencxBo 
B (15. 7p . ML.I nojiynaeM 

{Hif)Jk) = iH{k)uk, iJn,k)o = Xnik){uk, iJn,k)o, f e ^(Hi). 

Hs Bxoporo paBencxBa (15. 6 p HMeeM {uk,ipn,k)o = fn{k), oxKy;];a cjiepyeT (15. 3p . ■ 
SaMenaHMH. 1) B npejuioacennn [Lll mbi ^OKasbmaeM, nxo Hi = H. cI?ynKn,HH ipn,k, [n, k) G 
Z X [0,27r), npo^ojiJKennbie na Bce t G M paBencxBOM ipn,k{t + 1) = e^^tpn^kit)-, aBjiaioxca 
pemennaMH OjioKe onepaxopa H. PaBencxBa (15. 2 p ;];aiox pasjioacenne (|)ynKn,Hn / b 
nnxerpaji pemennn Ojiokc h paBencxBO HapceBajia j\Jiii sxoro pasjioacenna. FaBencxBO (15. 3 p 
noKasbiBaex cyn^ecxBOBanne pasjioacenna no co6cxBennt.iM 4)yHKn;HaM ^jia H . 

2) Peayjibxaxbi, anajiorHHHbie pesyjitxaxaM jicmmbi l5TT| xopomo nsBecxnti ^jih onepaxopa 
Bxoporo nopa^Ka, cm., nanp., [RS], rji. XHI.IG. 

/],OKa3aTejifaCTBO npeflJio:a<;eHHa 11.11 Hycxt / G S>{Hi) = ^{H). HnxerpnpoBanne no 
nacxHM ^aex 

{HfUk)= hHf){t)iJ~d^dt= [ f{t){{zd'+ipd+idp+q)i^^^,){t)dt = XMfn{k) (5.8) 
Jr Jr 

Bcex {n,k) G Z x [0,27r). PaBencxBa (15. 3p . (15. 8p ^aiox {{H — Hi)f)n{k) = ^Jia Bcex 
(n, k) E 7j X [0, 27r). Tor^a ns paBencxBa (15. 2p HMeeM (// ~ Hi)f = ^jih bccx / G !^{H), 
cjie;];oBaxejibno, H = Hi. Hs jicmmbi ISTTl ii) cjie^yex caMoconpajKennocxb H n paBencxBo 
dill). ■ 

B xeopcMe 11.41 mbi. napa^^y c (ll.22p . ;i,oKa3BiBaeM paBencxBo 

a(iJ) = U„ezA„([0,27r)). (5.9) 
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/l^OKasaTejibCTBO TeopeMM 11.41 i) Ml.i HcnojitayeM cjieflyiomHe HSBecTHbie peayjibTaTbi, 
CM. [RSJ, TeopeMM XIII. 85, 86. 

Ilycmh A = /[o 27r) -^(^)l^ ^'^'^ KaMcdozo k G [0, 27r) H{k) - caMoconpHOfceHHue one- 
pamopu 6 L^(0,1). UpednoAoofcuM, umo naM danu L"^ (0,1)- snaHHue (fiyHKU^uu 
Ha [0,2tt], Henpepuenue na [0,2tt), nycoHHO eeiu^ecmeeHHO anaAumuHecKue na {0,2tt), u 
KOMUAeKCHOSHaHHue (fjyHKyuu Xn{-), Henpepuenue na [0,2tt), Kycouno anaAumuuecKue na 
[0,27r), manue, umo: 

a) naotcdafi (^ynnyufi A„(-) nenocmonnna na aw6om nodunmepeaAe e [0,27r); 

b) H{k)ipn{k) = \n{k)ipn{k) dAJi ecex {n,k) G Z x [0,27r); 

c) Bah naotcdozo k G [0,27r) na6op {ipn{k)}n&'L odpaayem opmonopMupoeannuu 6a3uc e 

L\OA). 

Tozda A uMeem Hucmo a6coAmmno nenpepuenuu cnenmp u (t{A) = Uk£[o^2n)<^{H{k)) . 

Hs 3THX pesyjibxaTOB h jicmm H?T| 14.21 cjienyex. hto cnexxp onepaxopa H hhcto aGcojiioTHo 
HenpepbiBeH h y^oBjiexBopaex (15. 9 p h nepBOMy paBencxBy b f ll.22p . PaBencxBa Aj = |(rj + 
T~^),j = 1, 2, 3, ^aiox Bxopoe paBencxBO b f ll.22p . 

ii) TeopeMa 11.21 ii) noKastiBaex, hto cr{H) = R h ^jia jTio6oro A G (j{H) HMeexca xojibko 

flBe B03M0JKH0CXH: a) pOBHO O^HH MyjIBXHnjIHKaXOp r(A) JieJKHX Ha eflHHHHHOH OKpyjKHOCXH; 

b) Bce xpH MyjiBXHnjiHKaxopa jiexcax na e^HHHHHoii OKpyjKHOcxH. 

PaccMoxpHM cjiynafl a): poBHO o^hh MyjibXHnjiHKaxop r(A) jiejKHX na e^HHHHHofi OKpyjK- 
HocxH jxjiii Bcex A G (a,/?) c neKoxopbiMH a < (3. Tor^a (a,/?) G cr(i^) h paBencxBO (15. 3 p 
noKasbiBaex, hto cneKxpajiBHbm npoexxop X{a,i3){H) ynnxapHo sKBHBajieHxen onepaxopy 
yMHo>KeHH3 Ha A G no3xoMy cnexxp H b HHxepBajie {a,P) HMeex KpaxHocxt 1. 

PaccMoxpHM cjiynafi b): Bce xpn MyjibXHnjiHKaxopa jieacax na e^^HHHHHofl OKpyjKHOcxH 
fljiH Bcex A G {a, /3) c neKoxopbiMH a < (3. Tor;];a cneKxpajibHbm npoexxop X{a,i3){.H) ynn- 
xapHo 3KBHBajieHxeH onepaxopy yMHOJKeHna na AI3, A G Cjie^oBaxejiBHo, cneKxp H 

B HHxepBajie (a, /3) HMeex KpaxHocxb 3. 

AcHMnxoxHKa (ll.lOp noKasbiBaex, hxo poBHO o^hh MyjibxnnjiHKaxop y^oBjiexBopsex ycjio- 
BHK) (I1.22P npH A G ]R\[— -R, i?] c ^ocxaxoHHO Gojibiuhm i? > 0, snannx cneKxp HMeex 
KpaxHocxb 1 npH xaKHx A. 

Ilycxb Tj = e*^^' Bcex j = 1,2,3. Ho xeopeMe 11.31 i) Bce kj{X),j = 1,2,3, paa- 
jiHHHBi npH Bcex A G C, KpoMe HCKoxopbix HCKjiioHHxejibHbix sHaHeHHH A, H HHCjio xa- 
KHx HCKjiioHHxejibHBix sHaHeHHH KOHeHHo B KajK^^oH KOHeHHOH oGjiacxH. PaBeHCXBa (I1.17P H 
gi(fci+fc2+fc3) = 1 ^aiox 

p=^e''^i-e''^^fie'''-e'''fie''^-e'''f = -64sm2 ^^-^sin^ ^l^sin^ (5.10) 

EcjiH cneKxp b xoHKe A HMeex KpaxHocxb 3, xo, ho xeopeMe 11.21 iii), kj{X) G M ^Jia Bcex 
j = 1,2,3, H (I5.10p ^aex p(A) ^ 0. Ecjih cnexxp b xonxe A HMeex KpaxHocxb 1, xo poBHo 
o^HO SHaneHHe kj, CKaaceM, ki, BemecxBenno h = ^3 - neBemecxBeHHti. Hs paBencxBa 
(I5.10p cjie^yex p(A) > 0, oxxy^a nojiynaeM (ll.23p . 

iii) /loKaaaxejibcxBo yxBepjK^eHHH cxan^apxHoe, npHBOflHM ero ^jia hojihoxbi. Ilycxt 
Aq G M y^oBjiexBopaex ycjiOBHHM: Aj(Ao) G (—1, 1) ^jih neKoxoporo j = 1, 2, 3, Aq ne 5ibjis- 
exca xoHKOH BexBjieHHH 4)yHKij,HH Aj H A^ (Ao) = 0. Tor;i,a Aj{X) = Aj(Ao) + |AJ(Ao)(A — 
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Ao)^ + 0((A — Ao)^) npH A — Aq — >■ 0. PaccMoxpHM oTo6pa>KeHHe A — )■ Aj(A) b HeKoxopofi 

OKpeCTHOCTH TOHKH Aq. Jllo6oii yrOJI, 06pa30BaHHL.IH JIHHH5IMH, HaHHHaromHMHCH B TOHKe 

Ao, nepeBo/i;HTCJi sthm oTo6pa>KeHHeM b yroji, b 2 hjih 6ojiee pas Gojibiuhh. Tor^a oxpesoK 
[Aj(Ao) — 5, Aj(Ao) + 6] C [—1,1] A-na neKOToporo flocTaToiHo Majioro 6 > HMeex npo- 
oGpas, KOTopbiH He Moacex n;ejiHKOM jieacaxb na BemecTBeHHofi och. Hs paBencxBa f ll.22p 
cjie^yex, hto H HMeex HeBemecxBeHHbiH cnexxp, hto npoxKBopennx caMoconpsiJKeHHocxH. 
TaKHM oGpasoM, A^(Ao) 7^ 0, hxo h ;];oKa3biBaex yxBepac^^enne. ■ 

PaGoxa BbinojiHena npn 4)HHaHCOBOH no^mepacKe MnnncxepcxBa oGpasoBanna h nayKH 
FoccHHCKoii (l)eflepa^HH, TK 14.740.11.0581. 

CnHCOK jiHTepaxypbi 

[Al] Amour, L. Determination of a third-order operator from two of its spectra, SIAM J. Math. Anal., 
30 (1999), 1010-1028. 

[A2] Amour, L. Isospectral flows of third order operators. SIAM J. Math. Anal., 32 (2001), no. 6, 
1375-1389. 

[BBK] Badanin, A.; Briining, J.; Korotyaev, E. The Lyapunov function for Schrodinger operators with a 
periodic 2x2 matrix potential. J. Funct. Anal., 234 (2006), no. 1, 106-126. 

[BKl] Badanin, A.; Korotyaev, E. Spectral asymptotics for periodic fourth-order operators. Int. Math. Res. 
Not. , 45, 2005, 2775-2814. 

[BK2] Badanin, A.; Korotyaev, E. Spectral estimates for periodic fourth order operators. Algebra i Analiz, 
22:5 (2010), 1-48. 

[BK3] Badanin, A.; Korotyaev, E. Even order periodic operator on the real line. Int. Math. Res. Not., 2011, 
53 pages. 

[BK4] Badanin, A.; Korotyaev, E. Third order operator with small periodic coefficients. Preprint, 
arXiv: 1105.3545, 2011. 

[BK5] Badanin, A.; Korotyaev, E. Spectral asymptotics for the third order operator with periodic 

coefficients. Preprint, 2011. 
[BDT] Beals, R., Deift, P., Tomei, C. Direct and inverse scattering on the line, Nathematical survays and 

monograph series. No. 28, AMS, Providence, 1988. 
[Ca] Carlson, R. Eigenvalue estimates and trace formulas for the matrix Hill's equation. J. Differential 

Equations, 167 (2000), no. 1, 211-244. 
[CL] Clark, S.; Gesztesy. F.; Holden H.; Levitan, B. Borg-type theorem for matrix-valued Schrodinger 

and Dirac operators, J. Diff. Eqs., 167 (2000), 181-210. 
[CKl] Chelkak, D.; Korotyaev, E. Spectral estimates for Schrodinger operator with periodic matrix 

potentials on the real line, Int. Math. Res. Not., (2006), Art. ID 60314, 41 pp. 
[CK2] Chelkak, D.; Korotyaev, E. Weyl-Titchmarsh functions of vector-valued Sturm-Liouville operators 

on the unit interval, J. Funct. Anal., 257 (2009), 1546-1588. 
[CK3] Chelkak, D.; Korotyaev, E. Parametrization of the isospectral set for the vector-valued Sturm- 
Liouville problem, J. Funct. Anal., 241(2006), 359-373. 
[DTT] Deift, P., Tomei, C, Trubowitz, E. Inverse scattering and the Boussinesq equation. Comm. on Pure 

and Appl. Math., 35 (1982), 567-628. 
[D] /I,y6poBHH. B.A. OGpaTnaa 3a;i,aHa TeopnH pacceanHH fljia nepHOflH^ecKHx kohchhosohhijIx hotch- 

n,HajiOB OyHKH,. anajiiis h ero npHji., 9:1 (1975), 65-66. 
[DS] /I^ancjDop^, H., IIlBapn,, JX^k. T. JlHHeiiHbie onepaTopti. II. CnexTpajibHaH Tcopna. CaMOConpajKCH- 

Hbie onepaTopBi b rHjiB6epT0B0M npocTpancTBC. M., Mnp, 1966, 1063 c. 
[EM] Everitt, W., Markus, L. Boundary Value Problems and Symplectic Algebra for Ordinary Differential 

and Quasi-Differential Operators. AMS, 1999. 



23 



[Fo] Forster, O. Lectures on Riemann surfaces. Graduate Texts in Mathematics, 81, Springer -Verlag, 
New York, 1991. 

[Ge] rejib(|)aH;;, H.M. PaajiosceHne no xapaKTepncTHHecKHM dpyiaajfiiiM ypaBneHHsi c nepHo;i,HHecKHMH 

K0^4)4)H^HeHTaMH. JIAR CCCP, 73 (1950), 1117-1120. 
[GL] Gel'fand, I.M.; Lidskii, V.B. On the structure of the regions of stabiUty of hnear canonical systems 

of differential equations with periodic coefficients. (Russian) Uspehi Mat. Nauk (N.S.), 10 (1955), 

no. 1(63), 3-40. 

[GM] FopiOHOB A.C., Mnxalijieu, B.A. O pacmnpennHx CHMMCTpHHecKHx KBa3H^H(J)4)epeHn,HajibHbix one- 
paTopoB HeneTHoro nopH;i,Ka. ^OKjia;i,bi Haii;HOHajibHoit aKa^eMHH nayx YKpanHbi, 2009, JVs 9, 27-31. 

[GK] Fox6epr H.IJ^.. KpefiH M.F. BBe^eHHe b Teopnio jiHHeiiHbix HecaMOConpajKenHbix onepaiopoB b rnjib- 
GepTOBOM npocTpancTBe. Hayxa, MocKBa, 1965. 

[GT] Garnett, J., Trubowitz, E. Gaps and bands of one dimensional periodic Schrodinger operators. 
Comment. Math. Helv., 59, no.2, 258-312, 1984. 

[HJ] XopH, P., fljKOHCOH, H. MaTpH^iHbiH anajiHS. M., Mhp, 1989, 666 c. 

[IM] Htc, a. p., MaTBceB, B. B. Onepaxopbi IIIpe^^HHrepa c KoneHHOsonHbiM cneKxpoM h N-cojiHTOHHbie 

pemeHHH ypaBHCHHH KopTCBcra OpHca. TMO, 23:1 (1975), 51-68. 
[KK] Kargaev, P., Korotyaev, E. The inverse problem for the Hill operator, a direct approach. Invent. 

Math., 129, no.3, 567-593, 1997. 
[Ka] KaTO, T. Teopna B03MymeHHH jiHHeiiHbix onepaTopoB. Mnp, MocKBa, 1972. 

[Kl] Korotyaev, E. Spectral estimates for matrix- valued periodic Dirac operators, Asymptot. Anal., 59 
(2008), no. 3-4, 195-225. 

[K2] Korotyaev, E. Conformal spectral theory for the monodromy matrix. Trans. Amer. Math. Soc, 362 
(2010), 3435-3462. 

[K3] Korotyaev, E. Characterization of the spectrum of Schrodinger operators with periodic distributions. 

Int. Math. Res. Not. 37 (2003) 2019-2031. 
[Kr] KpeliH, M. F. OcHOBHbie nojiosKeuHH TeopnH A-30h ycToiiHHBOCTH KaHOHHHecKoii CHCTCMbi JiHHeiiHbix 

;];H(J)4)epeHii;HajibHbix ypaBHCHHit c nepHO^HHecKHMH K03(i)4)Hii,HeHTaMH. IlaMaTH A. A. AnflpoHOBa, 

Hszi. AH CCCP, 1955, 413-498. 
[Le] JIcBHH, B.il. PacHpeflejieHHC Kopneit u,ejibix 4)yHKii,HH. M.: FHTTJI, 1956, 632 c. 
[MO] MapHCHKO, B. A., Octpobckhh, H. B. XapaKTepncTHKa cneKxpa onepaxopa Xnjijia. Maieju. c6., 

97(139):4(8) (1975), 540-606. 
[McK] McKean, H. Boussinesq's equation on the circle. Com. Pure and Appl. Math., 34(1981), 599-691 
[McG] McGarvey, D. C. Differential operators with periodic coefficients in Lp(— oo,oo), J. Math. Anal. 

Appl. 11 (1965), 564-596. 

[PI] Papanicolaou V. The Spectral Theory of the Vibrating Periodic Beam, Commun. Math. Phys. 170, 
359 - 373, 1995. 

[P2] Papanicolaou, V. The Periodic Euler-Bernoulli Equation, Transactions of the American 

Mathematical Society 355, No. 9, 3727-3759, 2003. 
[PT] Poschel J.; Trubowitz E. Inverse spectral theory. Boston, Academic Press, 1987. 
[RS] Reed, M.; Simon, B. Methods of modern mathematical physics. IV. Analysis of operators. Academic 

Press, New York-London, 1978. 
[R] PiixTMaiiep, P. HpHHi^Hnbi coBpeMeHHoii MaTeMaTHnecKoit 4)H3hkh. M., Mnp, 1982. 
[Su] CyxaiioB, B. B. OGpaTuasi 3aflaHa pjia caMOCOHpajKCHHoro flHcJxJjepeHi^HajibHoro onepaiopa na och. 

MaTCMaTHHecKHH c6opHHK, 137(179) (1988), 2, 242-259. 
[Tk] TKaneuKO, B. A. PasjioaceHiiH no co6cTBeHHbiM (J)yHKi],HJiM CBHsaHHbie c o/piOMepubiMH nepHO^ne- 

CKHMH flH(|)(J)epeHH;HajibHbiMii onepaTopaMH nopn/pca 2n. OyuKii,. aHajms h ero npuji., 41:1 (2007), 

66-89. 



24 



